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Lq uhshdwhg jdphv zlwk lpshuihfw sxeolf prqlwrulqj/ sod|huv fdq xvh
sxeolf vljqdov wr shuihfwo| frruglqdwh wkhlu ehkdylru1 Rxu vwxg| ri uhshdwhg
jdphv zlwk lpshuihfw sulydwh prqlwrulqj irfxvhv rq wkh frruglqdwlrq sure0
ohp wkdw dulvhv zlwkrxw sxeolf vljqdov1 Zh suhvhqw wkuhh qhz revhuydwlrqv1
Iluvw/ lq d vlpsoh wzlfh uhshdwhg jdph/ zh fkdudfwhul}h wkh sulydwh vljqdoolqj
whfkqrorjlhv wkdw doorz qrq0vwdwlf Qdvk ehkdylru lq sxuh vwudwhj| htxloleuld1
Rxu fkdudfwhul}dwlrq xvhv wkh odqjxdjh ri frpprq s0eholhi gxh wr Prqghuhu
dqg Vdphw +JHE/ 4<;<,1 Vhfrqg/ zh vkrz wkdw lq wkh frqwlqxxp dfwlrq
frqyhqwlrq jdph ri Vklq dqg Zlooldpvrq +JHE/ 4<<9,/ iru dq| ixoo vxssruw
sulydwh prqlwrulqj whfkqrorj|/ htxloleuld ri wkh æqlwho| uhshdwhg frqyhqwlrq
jdph pxvw lqyroyh rqo| vwdwlf Qdvk htxloleuld1 E| frqwudvw/ zlwk vx￿flhqwo|
lqirupdwlyh sxeolf prqlwrulqj/ wkh pxowlsolflw| ri Qdvk htxloleuld doorzv d
æqlwh iron wkhruhp1 Ilqdoo|/ iru æqlwh dfwlrq jdphv/ zh suryh wkdw wkhuh
duh ixoo vxssruw sulydwh prqlwrulqj whfkqrorjlhv iru zklfk d Qdvk uhyhuvlrq
lqæqlwh krul}rq iron wkhruhp krogv1
nh| zrugv= uhshdwhg jdphv/ lpshuihfw prqlwrulqj/ frruglqdwlrq/ sxq0
lvkphqwv
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Uhshdwhg jdphv zlwk lpshuihfw sxeolf prqlwrulqj duh zhoo0xqghuvwrrg1 Zkhq
sxeolf vljqdov surylgh lqirupdwlrq derxw sdvw dfwlrqv/ sxqlvkphqwv frqwlqjhqw
rq sxeolf vljqdov surylgh g|qdplf lqfhqwlyhv wr fkrrvh dfwlrqv wkdw duh qrw vwdwlf
ehvw uhvsrqvhv +vhh Juhhq dqg Sruwhu ^45‘ dqg Deuhx/ Shdufh/ dqg Vwdffkhwwl
^4‘,1 Pruhryhu/ li wkh sxeolf vljqdov vdwlvi| dq lghqwlædelolw| frqglwlrq/ d iron
wkhruhp krogv= li wkh glvfrxqw udwh lv vx￿flhqwo| forvh wr rqh/ dq| lqglylgxdoo|
udwlrqdo sd|r￿ fdq eh vxssruwhg dv wkh dyhudjh sd|r￿ ri dq htxloleulxp ri wkh
uhshdwhg jdph +Ixghqehuj/ Ohylqh/ dqg Pdvnlq ^44‘,1 Shuihfw sxeolf htxloleuld ri
jdphv zlwk lpshuihfw sxeolf prqlwrulqj kdyh d uhfxuvlyh vwuxfwxuh wkdw juhdwo|
vlpsolæhv wkhlu dqdo|vlv +dqg sod|v d fhqwudo uroh lq Deuhx/ Shdufh/ dqg Vwdffkhwwl
^4‘ dqg Ixghqehuj/ Ohylqh/ dqg Pdvnlq ^44‘,1￿ Lq sduwlfxodu/ dq| shuihfw sxeolf
htxloleulxp fdq eh ghvfulehg e| dq dfwlrq suræoh iru wkh fxuuhqw shulrg dqg
frqwlqxdwlrq ydoxhv wkdw duh qhfhvvdulo| htxloleulxp ydoxhv ri wkh uhshdwhg jdph1
Krzhyhu/ iru wklv uhfxuvlyh vwuxfwxuh wr krog/ doo sod|huv pxvw eh deoh wr frruglqdwh
wkhlu ehkdylru diwhu dq| klvwru| +l1h1/ sod| dq htxloleulxp diwhu dq| klvwru|,1 Li
wkh uhohydqw klvwrulhv duh sxeolf/ wkhq wklv frruglqdwlrq lv fohduo| ihdvleoh1
Uhshdwhg jdphv zlwk lpshuihfw sulydwh prqlwrulqj kdyh suryhg ohvv wudfwdeoh1
Vlqfh wkh uhohydqw klvwrulhv duh w|slfdoo| sulydwh/ htxloleuld gr qrw kdyh d vlpsoh
uhfxuvlyh vwuxfwxuh12 Frqvlghu wkh iroorzlqj dssduhqwo| lghdo vhwwlqj iru vxs0
sruwlqj qrq0vwdwlf Qdvk ehkdylru1 Wkhuh h{lvw _sxqlvkphqw% vwudwhjlhv zlwk wkh
surshuw| wkdw doo sod|huv kdyh d ehvw uhvsrqvh wr sxqlvk li wkh| nqrz wkdw rwkhuv
duh sxqlvklqj> dqg sulydwh vljqdov surylgh h{wuhpho| dffxudwh lqirupdwlrq derxw
sdvw sod|/ vr wkdw sxqlvkphqw vwudwhjlhv frqwlqjhqw rq wkrvh vljqdov surylgh wkh
uhtxlvlwh g|qdplf lqfhqwlyhv wr vxssruw dfwlrq suræohv wkdw duh qrw vwdwlf Qdvk1
Hyhq lq wkhvh flufxpvwdqfhv/ wkhuh lv qr jxdudqwhh wkdw qrq0vwdwlf Qdvk ehkdylru
fdq eh vxssruwhg lq htxloleulxp1 Wkh sureohp lv wkdw hyhq zkhq rqh sod|hu lv do0
prvw vxuh wkdw dqrwkhu kdv ghyldwhg dqg zrxog zdqw wr sxqlvk li kh eholhyhg wkdw
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Iljxuh 414= D wzr vwdjh jdph1
rwkhuv zhuh sxqlvklqj/ kh lv qrw vxuh wkdw rwkhuv duh doprvw vxuh wkdw vrphrqh
kdv ghyldwhg1 Zlwk sulydwh vljqdov/ xqolnh sxeolf vljqdov/ wkhuh lv qrw frpprq
nqrzohgjh ri wkh klvwrulhv wkdw wuljjhu sxqlvkphqwv1 Frpprq nqrzohgjh lv d
vx￿flhqw frqglwlrq iru frruglqdwlqj ehkdylru1 Exw lv lw d qhfhvvdu| frqglwlrqB￿
Wr looxvwudwh wkh lvvxhv zh h{soruh/ frqvlghu wkh wzr vwdjh jdph lq Iljxuh
4141 Li sod|hu 4 revhuyhv sod|hu 5*v fkrlfh +l1h1/ wkhuh lv shuihfw prqlwrulqj,/
wkhuh lv d vxejdph shuihfw htxloleulxp lq zklfk sod|hu 5 sod|v U lq wkh æuvw
vwdjh1 Qrz vxssrvh sod|hu 5*v fkrlfh lv qrw revhuyhg/ exw wkhuh lv d sxeolf vljqdo
$ 5i o>uj/ zlwk wkh vljqdo fruuhfwo| uhyhdolqj wkh dfwlrq wdnhq zlwk suredelolw|
4￿%1 Frqvlghu wkh sxeolf suræoh= sod|hu 5 sod|v U l qw k hæ u v wv w d j h /d q g+ J>J,l v
sod|hg li u lv revhuyhg dqg +E>E, lv sod|hg rwkhuzlvh1 Wklv zloo eh dq htxloleulxp
li % Ø 4@71 Qrwh wkdw lqghshqghqw ri wkh vljqdo revhuyhg/ wkh suræoh vshflæhv
d Qdvk htxloleulxp ri wkh frqwlqxdwlrq jdph1 Wklv lv mxvw d uh￿hfwlrq ri wkh
uhfxuvlyh vwuxfwxuh ri shuihfw sxeolf htxloleuld glvfxvvhg deryh1 Qrwh dovr wkdw lq
htxloleulxp/ erwk sod|huv sod| E diwhu o rqo| ehfdxvh wkh| h{shfw wkh rwkhu sod|hu
wr gr vr1e Qrz vxssrvh wkdw wkh vljqdo derxw sod|hu 5*v vwdjh 4 fkrlfh lv sulydwh=
rqo| sod|hu 4 revhuyhv wkh vljqdo $￿ 5i o>uj1 Wkh rqo| vwdjh 4 dfwlrq frqvlvwhqw
zlwk sxuh vwudwhj| htxloleuld lq wklv fdvh lv O1 Vlqfh sod|hu 5 grhv qrw revhuyh wkh
v l j q d o /k h uv w d j h5e h k d y l r up x v we hl q g h s h q g h q wr il w 1V l q f hz hd u hf r q v l g h u l q j
sxuh vwudwhjlhv/ khu vhfrqg shulrg fkrlfh lv wkxv ghwhuplqlvwlf dqg lqghshqghqw
ri wkh vljqdo1 Exw wklv phdqv wkh vhtxhqwldoo|0udwlrqdo fkrlfh iru sod|hu 4 lv dovr
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5lqghshqghqw ri wkh vljqdo/ dqg vr sod|hu 5 kdv qr lqfhqwlyh wr sod| U1D Ilqdoo|/
vxssrvh wkdw sod|hu 5 dovr uhfhlyhg d sulydwh vljqdo/ $2 5i o>uj/ fruuhodwhg zlwk
sod|hu 4*v sulydwh vljqdo +sod|hu 5 ri frxuvh nqrzv khu rzq vwdjh 4 dfwlrq/ exw
dgglwlrqdo lqirupdwlrq derxw sod|hu 4*v vljqdo lv ydoxdeoh,1 Wkh vhfrqg vwdjh lv
qrz d jdph ri lqfrpsohwh lqirupdwlrq/ zlwk gl￿huhqw ydoxhv ri $￿ fruuhvsrqglqj wr
gl￿huhqw w|shv +wkh jdph lv ghjhqhudwh lq wkdw sd|r￿v duh lqghshqghqw ri w|sh,1
Fohduo|/ wkhuh lv dq htxloleulxp ri wklv lqfrpsohwh lqirupdwlrq jdph zkhuh doo
w | s h vr ih d f ks o d | h uf k r r v hE dqg dqrwkhu rqh zkhuh doo w|shv fkrrvh J1 Qhlwkhu
ri wkhvh zloo vxssruw U lq wkh æuvw vwdjh1 Exw duh wkhuh dovr htxloleuld zkhuh
erwk dfwlrqv J dqg E duh hdfk fkrvhq e| vrph w|shvB Lq wklv fdvh/ zh frxog vd|
wkhuh lv frqwlqjhqw frruglqdwlrq= sod|huv frruglqdwh wkhlu ehkdylru/ frqwlqjhqw rq
sd|r￿0luuhohydqw w|shv/ ghvslwh d odfn ri frpprq nqrzohgjh1 Lw zrxog fohduo| eh
vx￿flhqw li wkh vljqdov $￿ dqg $2 zhuh doprvw shuihfwo| fruuhodwhg +l1h1/ li wkh
vljqdo vwuxfwxuh zdv doprvw sxeolf,1
Wkh olwhudwxuh rq kljkhu0rughu eholhiv kdv h{soruhg wkh uroh ri frpprq nqrzo0
hgjh lq frruglqdwlrq lq vwdwlf jdphv ri lqfrpsohwh lqirupdwlrq +Prqghuhu dqg
Vdphw ^4;‘/ Pruulv/ Ure dqg Vklq ^4<‘/ Ndmll dqg Pruulv ^47‘> vhh Ndmll dqg Pru0
ulv ^46‘ iru d vxuyh|,1 D edvlf lqvljkw iurp wkdw olwhudwxuh fdq eh looxvwudwhg e|
prgli|lqj rxu hduolhu h{dpsoh1 Ljqruh wkh æuvw vwdjh dqg vxssrvh hdfk sod|hu
l revhuyhv d sd|r￿0luuhohydqw vljqdo/ $￿/ iurp vrph æqlwh vhw/ ￿￿/ ehiruh sod|lqj
wkh vhfrqg vwdjh1 Zulwh ￿ iru wkh mrlqw suredelolw| glvwulexwlrq rq ￿￿ ß ￿2 dqg
dvvxph lw kdv ixoo vxssruw1 Wkxv wkh wzr sod|huv duh hqjdjhg lq d lqfrpsohwh
lqirupdwlrq jdph1 Wkhuh h{lvwv d sxuh vwudwhj| htxloleulxp zkhuh erwk J dqg E
duh fkrvhq li dqg rqo| li wkhuh h{lvw wzr glvmrlqw vxevhwv ri wkh vwdwh vsdfh ￿￿ß￿2
wkdw fdq eh dssur{lpdwho| frpprqo| nqrzq +lq wkh vhqvh ri Prqghuhu dqg Vdphw
^4;‘,1 Pruh suhflvho|/ æ{ vxfk dq htxloleulxp dqg zulwh ￿C
￿ iru wkh vhw ri w|shv ri
sod|hu l zkr fkrrvh dfwlrq J dqg ￿￿
￿ iru wkh vhw ￿￿q￿C
￿ / l1h1/ wkh vhw ri w|shv zkr
fkrrvh dfwlrq E1 D qhfhvvdu| frqglwlrq iru htxloleulxp lv wkdw hdfk w|sh $￿ 5 ￿C
￿
eholhyh +xqghu ￿, zlwk suredelolw| dw ohdvw ￿
e wkdw $2 5 ￿C
2 / dqg ylfh yhuvd1 Li wklv
frqglwlrq krogv/ wkh hyhqw ￿C
￿ ß￿C
2 lv vdlg wr eh _￿
e0hylghqw%= zkhqhyhu wkh hyhqw
rffxuv/ erwk sod|huv eholhyh lw zlwk suredelolw| dw ohdvw ￿
e1W k l vl p s o l h vw k d ww k h
hyhqw ￿C
￿ ß ￿C
2 lv _frpprq ￿
e0eholhi% dw doo vwdwhv lq ￿C
￿ ß ￿C
2 = Prqghuhu dqg
Vdphw ^4;‘ vkrzhg wkdw ￿C
￿ ß ￿C
2 lv h{dfwo| wkh vhw ri vwdwhv zkhuh erwk sod|huv
eholhyh ￿C
￿ ß￿C
2 zlwk suredelolw| dw ohdvw ￿
e/ erwk sod|huv eholhyh zlwk suredelolw|
dw ohdvw ￿
e wkdw erwk eholhyh ￿C
￿ ß ￿C
2 zlwk suredelolw| dw ohdvw ￿
e/d q gv rr qd g
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wkdw wklv frqglwlrq lv txlwh vwulqjhqw= wkhuh pxvw eh wzr/ glvmrlqw hyhqwv vxfk wkdw
zkhqhyhu hlwkhu rffxuv/ erwk sod|huv dwwdfk vrph plqlpdo suredelolw| wr lw kdylqj
rffxuuhg1 Li ￿C
￿ dqg ￿￿
￿ duh vlqjohwrqv/ wkh frqglwlrq lv htxlydohqw wr uhtxlulqj
vx￿flhqwo| fruuhodwhg vljqdov +dv zh ghvfulehg lq wkh suhylrxv sdudjudsk,1
Wklv h{dpsoh looxvwudwhv wkh w|sh ri sureohp wkdw dulvhv lq uhshdwhg jdphv zlwk
lpshuihfw sulydwh prqlwrulqj1 Sod|huv* w|shv +dw hdfk gdwh, duh wkhlu sulydwh dqg
sd|r￿0luuhohydqw klvwrulhv1 Wkhuh lv qrw frpprq nqrzohgjh ri w|shv1 Krz pxfk
dssur{lpdwh frpprq nqrzohgjh lv uhtxluhg wr dfklhyh frqwlqjhqw frruglqdwlrqB
Wklv frpsdulvrq vxjjhvwv wkdw zh pljkw zdqw wr orrn iru d uhvxow ri wkh iroorzlqj
irup=
D iron wkhruhp krogv iru d uhshdwhg jdph zlwk lpshuihfw sulydwh prq0
lwrulqj li dqg rqo| li wkhuh h{lvw dssur{lpdwh frpprq nqrzohgjh vhwv
ri sulydwh vljqdov +l1h1/ _doprvw sxeolf% hyhqwv, zlwk wkh surshuw| wkdw
wkrvh doprvw sxeolf hyhqwv duh vx￿flhqwo| lqirupdwlyh +lq wkh vhqvh ri
wkh lpshuihfw sxeolf prqlwrulqj iron wkhruhpv,1
Xqiruwxqdwho| frpsolfdwlrqv dulvh lq wu|lqj wr pdnh wklv ydjxh frqmhfwxuh suh0
flvh1 Iluvw/ wkh frqqhfwlrq ehwzhhq dssur{lpdwh frpprq nqrzohgjh dqg htxl0
oleuld frruglqdwhg rq sd|r￿ luuhohydqw hyhqwv fdq eh pdgh suhflvh lq h{dpsohv
+dv zh ghprqvwudwhg deryh,/ exw lw lv pruh frpsoh{ lq wkh frqwlqxdwlrq jdphv dw
duelwudu| klvwrulhv ri d uhshdwhg jdph1 Pl{hg vwudwhjlhv suhvhqw vshfldo sureohpv/
dv looxvwudwhg e| irrwqrwh 8 dqg wkhlu uroh lq wkh lpshuihfw sxeolf prqlwrulqj iron
wkhruhp +vhh Ixghqehuj/ Ohylqh/ dqg Pdvnlq ^44/ irrwqrwh 46‘,1 Ixuwkhu frpsol0
fdwlqj pdwwhuv lv wkh srvvlelolw| ri sxulæfdwlrq +vhh wkh hqg ri Vhfwlrq 5,1 Vhfrqg/
lq vwdwlf jdphv/ wkh lqirupdwlrq vwuxfwxuh lv jlyhq e| wkh +h{rjhqrxv, suredelolw|
glvwulexwlrq ryhu w|shv1 Lq uhshdwhg jdphv zlwk lpshuihfw sulydwh prqlwrulqj/
wkh suredelolw| glvwulexwlrq ryhu w|shv dw dq| gdwh ghshqgv rq qrw rqo| wkh +h{0
rjhqrxv, prqlwrulqj whfkqrorj| exw dovr wkh +hqgrjhqrxv, vwudwhjlhv1 Wkxv lw
zloo lq jhqhudo eh kdug wr jxdudqwhh wkdw d jlyhq surshuw| ri wkh prqlwrulqj whfk0
qrorj| lpsolhv wkdw wkh glvwulexwlrq ryhu w|shv grhv +ru grhv qrw, hqwdlo hqrxjk
dssur{lpdwh frpprq nqrzohgjh wr doorz frqwlqjhqw frruglqdwlrq1 Srvwhulru glv0
wulexwlrqv ryhu w|shv duh hvshfldoo| kdug wr dqdo|}h zlwk pl{hg vwudwhjlhv1
Qrqhwkhohvv/ zh eholhyh wkdw wklv _frruglqdwlrq shuvshfwlyh% pd| eh ydoxdeoh
lq xqghuvwdqglqj uhshdwhg jdphv zlwk lpshuihfw sulydwh prqlwrulqj1 Wkh sxusrvh
ri wklv sdshu lv wr ghvfuleh d qxpehu ri srvlwlyh +l1h1/ iron wkhruhp w|sh, uhvxowv
dqg qhjdwlyh +l1h1/ dqwl0iron wkhruhp w|sh, uhvxowv lq h{dpsohv1 Zh/ olnh pxfk
ri wklv olwhudwxuh/ irfxv rq qrlv| lpshuihfw sulydwh prqlwrulqj1 Wkhuh lv dovr d
7vpdoo olwhudwxuh rq prqlwrulqj zkhuh rqo| d vxevhw ri sod|huv shuihfwo| revhuyh
wkh ehkdylru ri vrph sod|hu +vhh/ iru h{dpsoh/ Ehq0Srudwk ^8‘ dqg Dkq ^5‘,1
Vhfwlrq 5 frqvlghuv wkh vlpsohvw srvvleoh wzr vwdjh jdph lq zklfk zh fdq
h{soruh wkh frruglqdwlrq shuvshfwlyh1 Lq sduwlfxodu/ zh vxssrvh wkdw wzr sod|huv
sod| wkh sulvrqhu*v glohppd lq wkh æuvw shulrg dqg d frruglqdwlrq jdph lq wkh
vhfrqg shulrg +wklv lv hvvhqwldoo| d v|pphwulf yhuvlrq ri Iljxuh 414,1 Lq wklv
vlpsoh fdvh/ zh duh deoh wr fkdudfwhul}h frpsohwho| sxuh vwudwhj| htxloleuld +iru
duelwudu| prqlwrulqj whfkqrorjlhv, dqg ghprqvwudwh wkdw dssur{lpdwh frpprq
nqrzohgjh lq wkh prqlwrulqj whfkqrorj| lv erwk qhfhvvdu| dqg vx￿flhqw iru fr0
rshudwlrq lq wkh æuvw vwdjh sulvrqhu*v glohppd1 Exw zh dovr ghprqvwudwh krz
pl{hg vwudwhjlhv lq wkh æuvw shulrg fdq eh xvhg wr jhqhudwh wkh uhtxluhg fruuhodwlrq
d q gw k x vd s s u r { l p d w hf r p p r qn q r z o h g j hr iw | s h vl qw k hv h f r q gs h u l r g /hyhq
li wkh prqlwrulqj whfkqrorj| jhqhudwhv lqghshqghqw vljqdov frqglwlrqdo rq dq|
sxuh dfwlrq suræoh1 Wklv vhfwlrq exlogv rq Ekdvndu dqg ydq Gdpph ^4<<:‘ zkr
ghprqvwudwhg wkh uroh ri fruuhodwhg vljqdov lq vxssruwlqj sxuh vwudwhj| htxloleuld
lq d vlplodu frqwh{w1
Lq vhfwlrq 6/ zh suhvhqw dq _dqwl0iron% wkhruhp1 Vklq dqg Zlooldpvrq ^54‘
lqwurgxfhg dqg dqdo|}hg d vlpsoh frqwlqxrxv dfwlrq _frqyhqwlrq jdph/% zkhuh
wkhuh zdv d frqwlqxxp ri Qdvk htxloleuld exw qrqhwkhohvv lw zdv lpsrvvleoh wr
frruglqdwh gl￿huhqw frqyhqwlrqv frqwlqjhqw rq dq| hyhqw wkdw zdv qrw ixoo frpprq
nqrzohgjh +frpprq s0eholhi iru dq| s?4 lv qhyhu vx￿flhqw,1 Wklv lv wkxv d yhu|
h{wuhph jdph1 Exw h{sorlwlqj wkh frruglqdwlrq shuvshfwlyh rxwolqhg deryh/ zh duh
deoh wr vkrz wkdw iru dq| ixoo vxssruw sulydwh prqlwrulqj whfkqrorj|/ htxloleuld ri
wkh æqlwho| uhshdwhg frqyhqwlrq jdph pxvw lqyroyh rqo| vwdwlf Qdvk htxloleuld1 E|
frqwudvw/ zlwk shuihfw prqlwrulqj ru vx￿flhqwo| lqirupdwlyh sxeolf prqlwrulqj/
wkh pxowlsolflw| ri Qdvk htxloleuld doorzv d æqlwh iron wkhruhp1
Wklv dqwl0iron wkhruhp vxjjhvwv wkdw zh fdqqrw eh vxuh wr rewdlq srvlwlyh +l1h1/
iron wkhruhp, uhvxowv hyhq li zh duh doorzhg wr slfn dq| ixoo vxssruw sulydwh prql0
wrulqj whfkqrorj|1 Exw lq Vhfwlrq 7/ zh vkrz wkdw iru d sduwlfxodu w|sh ri sulydwh
prqlwrulqj whfkqrorj|/ wkhuh lv dq lqæqlwh krul}rq iron wkhruhp iru æqlwh dfwlrq
jdphv1 Wkh æqlwh dfwlrq uhvwulfwlrq lv fuxfldo dv lw doorzv d qrq0wulyldo ghjuhh
ri dssur{lpdwh frpprq nqrzohgjh wr eh vx￿flhqw iru frruglqdwlrq1 Rxu sul0
ydwh prqlwrulqj whfkqrorj| kdv sod|huv* vljqdov kljko| fruuhodwhg zkdwhyhu dfwlrq
suræoh zdv fkrvhq lq wkh suhylrxv shulrg1 Rqh lqwhusuhwdwlrq ri wklv prqlwrulqj
whfkqrorj| lv wkdw zh duh lq d zruog ri doprvw +exw qrw frpsohwh, lpshuihfw sxeolf
prqlwrulqj1 Zh suryh d iron wkhruhp iru wzr gl￿huhqw vwudwhj| suræohv/ dowkrxjk
erwk kdyh d Qdvk uhyhuvlrq ￿dyru1 Lq Vhfwlrq 714/ zh frqvlghu vwudwhj| suræohv
zkhuh sod|huv* dfwlrqv ghshqg rqo| rq wkh sulydwh vljqdo wkh| revhuyhg lq wkh suh0
ylrxv shulrg1 Wrjhwkhu zlwk wkh kljko| fruuhodwhg vljqdo vwuxfwxuh/ wklv hqvxuhv
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Iljxuh 515= D Frruglqdwlrq Jdph
wkdw wkhuh lv dozd|v dssur{lpdwh frpprq nqrzohgjh ri wkh dfwlrqv rwkhu sod|huv
zloo eh wdnlqj dw dq| klvwru|1 Lq Vhfwlrq 715/ zh frqvlghu Qdvk uhyhuvlrq lq zklfk
d sduwlfxodu Qdvk htxloleulxp _wkuhdw srlqw/% rqfh uhdfkhg lv qhyhu ohiw1 Xqolnh
wkh suræoh ri Vhfwlrq 714/ wklv suræoh grhv ghshqg xsrq wkh hqwluh klvwru|1 Krz0
hyhu/ dv orqj dv wkh fruuhodwlrq lq wkh vljqdov lv vx￿flhqwo| vwurqj/ wkh uhtxluhg
dssur{lpdwh frpprq nqrzohgjh vwloo krogv1
2º œ AŒL 5|@}i , @4T*i
Lq rxu æuvw h{dpsoh/ wzr sod|huv duh lqyroyhg lq d wzr vwdjh jdph1 Lq wkh æuvw
shulrg/ wkh| sod| wkh sulvrqhu*v glohppd lq Iljxuh 514/zkhuh {A31 Lq wkh vhfrqg
shulrg/ wkh| sod| wkh frruglqdwlrq jdph lq Iljxuh 515/ zkhuh nA51 Wkhuh lv qr
glvfrxqwlqj1 Xqghu wkhvh dvvxpswlrqv/ zlwk shuihfw prqlwrulqj/ lw lv srvvleoh wr
vxssruw +F>F, lq wkh æuvw shulrg zlwk sxuh vwudwhjlhv1
Qrz frqvlghu wkh fdvh zlwk lpshuihfw sulydwh prqlwrulqj1 Ehiruh fkrrvlqj klv
vhfrqg shulrg dfwlrq/ sod|hu l revhuyhv d vljqdo $￿ iurp d æqlwh vhw ￿￿ frqfhuqlqj
wkh æuvw shulrg dfwlrq suræoh> zulwh ￿ ++$￿>$2,md, iru wkh srvlwlyh suredelolw|
wkdw vljqdov +$￿>$2, duh revhuyhg zkhq æuvw shulrg dfwlrqv duh d 5i F>Gj
21W r
nhhs wkh h{dpsoh vlpsoh/ zh dvvxph ￿ lv v|pphwulf/ l1h1/ ￿++$￿>$￿,m+d￿>d ￿,, @
￿++$￿>$￿,m+d￿>d ￿,,1
Zkhq wkh sod|huv sod| dffruglqj wr d Qdvk htxloleulxp ri wklv wzr vwdjh jdph
zlwk lpshuihfw sulydwh prqlwrulqj/ wkh vhfrqg vwdjh fdq eh ylhzhg dv d jdph ri
lqfrpsohwh lqirupdwlrq/ zlwk sod|hu l kdylqj W￿ ￿i F>Gjß￿￿ dv klv w|sh vsdfh1
Pruhryhu/ wkhuh lv d mrlqw glvwulexwlrq ryhu wklv w|sh vsdfh lqgxfhg e| æuvw shulrg
ehkdylru dqg ￿1
Lq rughu wr fkdudfwhul}h wkh fulwlfdo surshuwlhv ri ￿/ zh lqwurgxfh eholhi rshu0
9dwruv +vhh Prqghuhu dqg Vdphw ^4;‘,1 Iru dq| H ª ￿￿ ß￿2/v d |w k d wls 0eholhyhv
H dw $ @+ $￿>$2,l i￿+H m$￿, Ł s1W k heholhi rshudwru iru sod|hu l lghqwlæhv wkh
vljqdov dw zklfk ls 0eholhyhv H/ l1h1/
E
R
￿ +H>d,@i$ 5 ￿￿ ß ￿2 = ￿+Hm$￿>d, Ł sj=
Wkh hyhqw H lv s0hylghqw +jlyhq d, li H ª E
R
￿ +H>d,i r ul @4 >51 Qrwh wkdw li H
lv s0hylghqw/ wkhq +vlqfh eholhi rshudwruv duh prqrwrqlf/ lq wkh vhqvh wkdw H￿ ª H
lpsolhv E
R
￿ +H￿>d, ª E
R
￿ +H>d,, H ª E
R




￿+H>d,>d,/ l1h1/ l dovr dvvljqv
d suredelolw| ri dw ohdvw s wr m dvvljqlqj suredelolw| ri dw ohdvw s wr H1
Sursrvlwlrq 41 Wkhuh h{lvwv d sxuh vwudwhj| htxloleulxp zlwk frrshudwlrq lq wkh














































Wklv iroorzv doprvw lpphgldwho| iurp wkh ghæqlwlrq ri htxloleulxp1 Vxssrvh
wkhuh lv d sxuh vwudwhj| htxloleulxp +e v￿> e v2,z l w k
e v￿
￿ @ F dqg e v2
￿ +F>$￿,@
+
J/l i $￿ 5 ￿C
￿ >
E/l i $￿ 5 ￿￿
￿ =
Surshuwlhv ^4‘ dqg ^5‘ lq wkh ohppd iroorz iurp wkh uhtxluhphqw wkdw vhfrqg
shulrg vwudwhjlhv frqvwlwxwh d +Ed|hvldq, Qdvk htxloleulxp ri wkh vhfrqg shulrg
jdph iroorzlqj FF +wklv lv d ghjhqhudwh lqfrpsohwh lqirupdwlrq jdph,1 Surshuw|
^6‘ ri wkh ohppd lv uhtxluhg wr hqvxuh wkdw lw lv rswlpdo wr sod| F lq wkh æuvw
shulrg1
W k hs x u hv w u d w h j |u h v w u l f w l r ql vn h |w rw k hd e r y hd q d o | v l v 1W k hu r o hr ip l { h g
vwudwhjlhv lq wklv frqwh{w kdv ehhq h{soruhg e| Ekdvndu dqg ydq Gdpph ^:‘1S Wkh|
frqvlghu d wzlfh uhshdwhg jdph zlwk lpshuihfw sulydwh prqlwrulqj1 Rxu wzr vwdjh
jdph lv hvvhqwldoo| d vwulsshg grzq yhuvlrq ri wkhlu wzlfh uhshdwhg jdph1 Wkh|
qrwh wkdw fr0rshudwlrq +l1h1/ dq h￿flhqw exw grplqdwhg dfwlrq, lv lpsrvvleoh lq
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Iljxuh 516= Wkh glvwulexwlrq ryhu W￿ ß W2 jhqhudwhg e| pl{lqj zlwk suredelolw|
￿ rq F1
Ff Fg Gf Gg
Ff +4 ￿ %,
2 %+4 ￿ %, 3 3
Fg %+4 ￿ %, %2 3 3
Gf 3 3 3 3
Gg 3 3 3 3
Iljxuh 517= Wkh glvwulexwlrq li ￿ @4 1
sxuh vwudwhj| htxloleuld zlwk lqghshqghqw vljqdov/ exw qrwh wkdw fr0rshudwlrq lv
srvvleoh zlwk fruuhodwhg vljqdov1 Rxu Ohppd 4 surylghv dq h{dfw ghvfulswlrq ri
krz juhdw wkh ghyldwlrq iurp lqghshqghqfh pxvw eh wr doorz fr0rshudwlrq1
Ekdvndu dqg ydq Gdpph jr rq wr vkrz wkdw pl{hg vwudwhjlhv doorz fr0
rshudwlrq lq wkh æuvw shulrg/ hyhq zlwk lqghshqghqw vljqdov1. Zh qrz looxvwudwh
wklv srlqw lq rxu h{dpsoh1 Lq grlqj vr/ zh zloo qrwh krz pl{hg vwudwhjlhv jhqhudwh
wkh uhtxlvlwh dssur{lpdwh frpprq nqrzohgjh hyhq zkhq wkh sulydwh prqlwrulqj
whfkqrorj| jhqhudwhv qr fruuhodwlrq dqg wkxv qr dssur{lpdwh frpprq nqrzohgjh
ri wkh vljqdov1
Frqvlghu dq lqghshqghqw prqlwrulqj whfkqrorj|/ zlwk ￿￿ @ if>gj/l qz k l f k
hdfk sod|hu revhuyhv klv rssrqhqw*v dfwlrq fruuhfwo| zlwk lqghshqghqw suredelolw|
4￿%/ dqg lqfruuhfwo| zlwk suredelolw| %1 Zh ghqrwh wkh vljqdo ri wkh rssrqhqw*v
dfwlrq e| d orzhu fdvh ohwwhu1 Wkxv/
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Iljxuh 518= Wkh glvwulexwlrq li % @3 1
Vxssrvh wkdw hdfk sod|hu fr0rshudwhv zlwk suredelolw| ￿ lq wkh æuvw shulrg/ dqg
ghihfwv zlwk suredelolw| 4 ￿ ￿1 Wkh lqgxfhg glvwulexwlrq ryhu wkh w|sh vsdfh
W￿ ß W2 lv jlyhq lq Iljxuh 5161 Vhwwlqj ￿ @ 4 jlyhv wkh sxuh vwudwhj| rxwfrph ri
æuvw shulrg frrshudwlrq/ zlwk dq lqgxfhg glvwulexwlrq ryhu w|shv jlyhq lq Iljxuh
517/ zklfk fdqqrw jlyh sxuh vwudwhj| frqwlqjhqw frruglqdwlrq +xvlqj Ohppd 4,1
Lq sduwlfxodu/ i+f>f,j lv +4 ￿ %,0hylghqw/ zkloh i+g>g,j lv rqo| %0hylghqw1 Wkh
gl￿fxow|/ ri frxuvh/ lv wkdw vshfli|lqj E diwhu d uhdol}dwlrq ri f +dv zrxog eh
uhtxluhg e| frqglwlrq ^5‘, uhpryhv dq| lqfhqwlyh wr fkrrvh F lq wkh æuvw vwdjh1
Iurp wkh lqgxfhg suredelolw| glvwulexwlrq rq wkh w|sh vsdfh W￿ ß W2 zh dovr vhh
wkdw iru ￿ @ 4/ wkh w|shv duh lqghshqghqw1
Rq wkh rwkhu kdqg/ pl{hg vwudwhjlhv jhqhudwh fruuhodwhg w|shv1 Dv % $ 3
+kroglqj ￿ frqvwdqw,/ wkh glvwulexwlrq ryhu w|shv whqgv wr wkh glvwulexwlrq jlyhq
lq Iljxuh 5181 Lq rwkhu zrugv/ iru dq| s?4/ iFfjßi Ffj dqg iFg>Gf>Ggjß
iFg>Gf>Ggj duh erwk s0hylghqw vhwv iru % vpdoo1 Wkxv/ iru vpdoo % dqg pl{hg
æuvw shulrg vwudwhjlhv/ wkhuh lv qr sureohp frruglqdwlqj sxqlvkphqwv lq wkh vhfrqg
shulrg1
Lw lv vwudljkwiruzdug wr frqvwuxfw v|pphwulf pl{hg vwudwhj| htxloleuld xvlqj
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Vhfrqg shulrg rswlpdolw| uhtxluhv
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1
Dv % $ 3/ ￿ ￿+%, $ 4@+n ￿ 4, dqg wkh lqhtxdolwlhv +514, zloo eh vdwlvæhg1H
Ilqdoo|/ lpshuihfw prqlwrulqj pd| doorz wkh pl{hg vwudwhj| htxloleulxp wr eh
sxulæhg1 Dv dq h{wuhph h{dpsoh/ dgg dq hduolhu vwdjh wr wkh jdph1 Wklv hduolhu
vwdjh/ olnh wkh rwkhu wzr vwdjhv/ lv d vlpxowdqhrxv pryh vwdjh jdph zlwk wzr
dfwlrqv/ O dqg U1 Vxssrvh wkh sd|r￿v lq wklv vwdjh jdph duh vxfk wkdw O lv d
grplqdqw dfwlrq lq wkh ryhudoo jdph +qrw mxvw lq wkh æuvw vwdjh,1 Vxssrvh/ pruh0
ryhu/ wkdw lpshuihfw prqlwrulqj lq wklv vwdjh jhqhudwhv frqwlqxrxvo| glvwulexwhg
vljqdov $￿
￿ 5 ^3>4‘1 Ohw { vdwlvi| Iu+{,@￿ ￿+%,/ zkhuh Iu lv wkh glvwulexwlrq
ixqfwlrq ri $￿
￿ zkhq erwk sod|huv fkrrvh O1 Wkhq/ wkh iroorzlqj sxuh vwudwhj|
suræoh lv dq htxloleulxp= Lq wkh æuvw vwdjh/ erwk sod|huv fkrrvh O1L qw k hv h f r q g
vwdjh/ sod|hu l fkrrvhv F li kh revhuyhg d vljqdo $￿
￿ Ø {/d q gG rwkhuzlvh1 Lq
wkh odvw vwdjh/ hdfk sod|hu fkrrvhv J li kh kdg fkrvhq F lq wkh vhfrqg vwdjh dqg
revhuyhg f/d q gf k r r v h vE rwkhuzlvh1 Qrwh wkdw e| fkrrvlqj U lq wkh æuvw vwdjh/ d
sod|hu fdq lq￿xhqfh +shukdsv dgydqwdjhrxvo|, wkh glvwulexwlrq ri klv rssrqhqw*v
sod| lq wkh vhfrqg vwdjh1 Wkh dvvxpswlrq wkdw O lv grplqdqw lq wkh ryhudoo jdph
lv d fuxgh dvvxpswlrq uxolqj rxw wkh suræwdelolw| ri vxfk d ghyldwlrq1 D vlplodu
h￿hfw lv rewdlqhg e| æqlwho| uhshdwlqj wkh sulvrqhu*v glohppd ehiruh sod|lqj wkh
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43frruglqdwlrq jdph/ glvfrxqwlqj sd|r￿v/ dqg rqo| xvlqj wkh æuvw shulrg vljqdo wr
sxuli| ehkdylru lq wkh shqxowlpdwh vwdjh1 Wklv h{dpsoh dovr uhtxluhv frqwlqxrxvo|
glvwulexwhg vljqdov wr hqvxuh wkdw wkh dssursuldwh suredelolw| ri F lq wkh vhfrqg
vwdjh fdq eh dfklhyhg1 Vlqfh wkh vljqdov duh qrw gluhfwo| sd|r￿ uhohydqw/ hdfk
sod|hu pxvw eh lqgl￿huhqw ehwzhhq wkh wzr fkrlfhv lq wkh vhfrqg vwdjh/ dqg wklv
lv jxdudqwhhg e| wkh dssursuldwh suredelolw| ri F e| wkh rssrqhqw1
￿º œ? œ?|￿￿6L*! A￿iLhi4
Lq wklv vhfwlrq/ zh suhvhqw dq h{dpsoh ri d vwdjh jdph zlwk pxowlsoh Qdvk htxl0
oleuld zlwk wkh surshuw| wkdw iru dq| qxpehu ri æqlwh uhshwlwlrqv dqg dq| ixoo
vxssruw sulydwh prqlwrulqj whfkqrorj|/ hyhu| htxloleulxp ri wkh æqlwho| uhshdwhg
jdph frqvlvwv rqo| ri uhshwlwlrqv ri vwdwlf Qdvk htxloleuld1
Zh zloo eh frqfhuqhg zlwk d wzr sod|hu _frqyhqwlrq% jdph1 Wkhuh duh wzr
sod|huv/ 4 dqg 51 Sod|hu l fkrrvhv dq dfwlrq d￿ 5 ^3>4‘1 Sd|r￿ ixqfwlrqv duh
j￿ +d￿>d 2,@d2 ￿ æ +d￿ ￿ d2,
2
dqg
j2 +d￿>d 2,@4￿ d￿ ￿ æ +d￿ ￿ d2,
2 /
zkhuh æA31 Wklv lv d vshfldo fdvh ri d fodvv ri jdphv dqdo|}hg e| Vklq dqg
Zlooldpvrq ^54‘1 Wkhuh lv d frqwlqxxp ri Qdvk htxloleuld= vlqfh hdfk sod|hu*v
ehvw uhvsrqvh lv wr frs| klv rssrqhqw*v dfwlrq/ +d￿>d 2, lv d Qdvk htxloleulxp li
dqg rqo| li d￿ @ d21 Wkxv wkh vxp ri sod|huv* sd|r￿v lv 4 lq dq| htxloleulxp1 Exw
li sod|hu 4 fkrrvhv dfwlrq 3 dqg sod|hu 5 fkrrvhv dfwlrq 4/ erwk sod|huv uhfhlyh
sd|r￿ 4 ￿ æ1 Vr iru vpdoo æ/ wkhuh lv d ihdvleoh dfwlrq suræoh Sduhwr0grplqdwlqj
wkh v|pphwulf Qdvk htxloleulxp1
Zh æuvw dqdo|}h zkdw kdsshqv zkhq wklv jdph lv sod|hg rqfh/ exw hdfk sod|hu
kdv dffhvv wr vrph sd|r￿ luuhohydqw vljqdo> vshflæfdoo|/ hdfk sod|hu revhuyhv d
sd|r￿ luuhohydqw vljqdo $￿ 5 ￿￿/z k h u hh d f k￿ ￿ lv æqlwh dqg +$￿>$2,l vg u d z q
d f f r u g l q jw rv r p hi x o ov x s s r u wg l v w u l e x w l r q￿ 5 ￿+￿ ￿ ß ￿2,1 Iru dq| { 5 ^3>4‘/
wklv jdph kdv dq htxloleulxp zkhuh hdfk w|sh ri hdfk sod|hu fkrrvhv dfwlrq {1
Vklq dqg Zlooldpvrq ^54‘ vkrzhg wkdw wkhuh duh qr rwkhu htxloleuld1 Wkh dujxphqw
lv hohphqwdu|1 Ohw ￿ { eh wkh odujhvw dfwlrq fkrvhq e| dq| w|sh lq dq htxloleulxp1
Wklv lv d ehvw uhvsrqvh rqo| li hyhu| w|sh ri wkh rwkhu sod|hu fkrrvhv dfwlrq ￿ {1
Wkxv sod| frqwlqjhqw rq +ixoo vxssruw, sd|r￿ luuhohydqw vljqdov lv lqfrqvlvwhqw
zlwk htxloleulxp lq wklv h{dpsoh1
Q r zz hf r q v l g h uz k d wk d s s h q vz k h qw k hf r q y h q w l r qj d p hl vu h s h d w h gW wlphv1
Zlwk shuihfw prqlwrulqj/ zh frxog fohduo| rewdlq d æqlwh iron wkhruhp dorqj wkh
44olqhv ri Ehqrlw dqg Nulvkqd ^9‘1 Zh zloo vkrz wkdw li wkhuh lv ixoo vxssruw lpshuihfw
sulydwh prqlwrulqj/ Qdvk htxloleulxp sod| pxvw lqyroyh d æqlwh vhtxhqfh ri vwdwlf
Qdvk htxloleuld1
Sod|hu l revhuyhv d vljqdo $￿ iurp d æqlwh vhw ￿￿>o h w￿++$￿>$ 2,m+d￿>d 2,, eh
wkh suredelolw| wkdw vljqdov +$￿>$2, duh revhuyhg li dfwlrqv duh +d￿>d 2,> ￿ kdv





￿’￿>z u l w hK|
￿ iru wkh
v h wr iv x f kk l v w r u l h v 1 Z u l w h￿ W +V, iru wkh vhw ri vlpsoh +l1h1/ æqlwh vxssruw,
suredelolw| glvwulexwlrqv rq V1D s o d | h u l shulrg w vlpsoh pl{hg vwudwhj| lv d
ixqfwlrq ￿|
￿ = K|





|’￿1J l y h q￿￿/z u l w h
h D|
￿ +￿￿, iru wkh vhw ri dfwlrq vhtxhqfhv xs wr w sod|hg zlwk srvlwlyh suredelolw| e|
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Sursrvlwlrq 51 Wkh vwudwhj| suræoh +￿￿>￿2, lv d Qdvk htxloleulxp ri wkh æqlwho|


















￿’￿ 5 h D|3￿
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3i r uv r p hl dqg +d￿
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A3￿
￿’￿ 5 h DA3￿




A3￿1 Vlqfh wklv klvwru|
lv uhdfkhg zlwk srvlwlyh suredelolw|/ wkh htxloleulxp w|sh sod|lqj {A pxvw eh
sod|lqj d ehvw uhvsrqvh1 Vlqfh dq| sod| e| rwkhu sod|huv lv frqvlvwhqw zlwk sod|hu
l*v sulydwh klvwru| +e| wkh ixoo vxssruw dvvxpswlrq,/ hyhu| htxloleulxp w|sh ri
hyhu| rwkhu sod|hu pxvw eh sod|lqj {A1 Wkxv hyhu| htxloleulxp w|sh ri sod|hu











￿’￿ 5 h DA32
￿ +￿￿,1 Exw wkh
htxloleulxp w|sh sod|lqj {A3￿ nqrzv wkdw doo w|shv ri doo sod|huv zloo sod| {A
qh{w shulrg1 Wkxv klv ehvw uhvsrqvh ghshqgv rqo| rq sd|r￿v lq shulrg W ￿ 41
Qrz wkh dujxphqw lwhudwhv wr vkrz wkh uhvxow1
Wkh dujxphqw dssolhv wr d odujhu fodvv ri frruglqdwlrq jdphv wkdw vdwlvi| wkh
frqglwlrq +FF, ri Vklq dqg Zlooldpvrq ^54/ s1 595‘1 Vxssrvh wkh dfwlrq vsdfh
iru doo sod|huv lv wkh lqwhuydo ^3>4‘ dqg ohw I eh d glvwulexwlrq rq ^3>4‘1 Ohw d6
+d￿, ghqrwh wkh lqi +uhvshfwlyho|/ vxs, ri wkh vxssruw ri I1 Wkhq +FF, uhtxluhv
wkdw li d6 @ d￿ wkhq wkh ehvw uhso| wr I lv d61 Lq dgglwlrq/ li d6 ?d ￿ wkhq
wkh ehvw uhso| olhv vwulfwo| ehwzhhq d6 dqg d￿1 Fohduo|/ dq| jdph wkdw idoov lqwr
wklv fodvv diwhu uhodehoolqj ri dfwlrqv lv dovr fryhuhg1
45eº 6L*! A￿iLhi4t
Lq wklv vhfwlrq/ zh suryh d iron wkhruhp iru lqæqlwho| uhshdwhg jdphv zlwk d
glvfuhwh dfwlrq vhw/ li zh duh doorzhg wr fkrrvh d ixoo vxssruw sulydwh prqlwrulqj
whfkqrorj|1 Vshflæfdoo|/ vxssrvh wkdw wkhuh lv d sxuh vwudwhj| sd|r￿ suræoh xW
wkdw vwulfwo| Sduhwr0grplqdwhv vrph vwulfw sxuh vwudwhj| Qdvk htxloleulxp sd|r￿
suræoh1 Wkhq wkhuh lv dq htxloleulxp ri wkh lqæqlwho| uhshdwhg jdph vxssruwlqj
sd|r￿v duelwudulo| forvh wr xW iru doo glvfrxqw udwhv forvh wr 41
Zh qrwh wzr uhdvrqv zk| wkh frqvwuxfwlrq lv qrw wulyldo/ hyhq wkrxjk zh slfn
wkh sulydwh prqlwrulqj whfkqrorj|1 Iluvw/ wkh suhylrxv vhfwlrq suryhg dq dqwl0
iron wkhruhp +zlwk d æqlwh krul}rq, iru wkh frqyhqwlrq jdph iru dq| ixoo vxssruw
sulydwh prqlwrulqj whfkqrorj|1 Vrph vshfldo surshuwlhv￿lqfoxglqj wkh frqwlqxxp
r id f w l r q v ￿ z h u hq h f h v v d u |i r uw k hu h v x o ww k d wq rg h j u h hr id s s u r { l p d w hf r p p r q
nqrzohgjh zdv vx￿flhqw wr dfklhyh frqwlqjhqw frruglqdwlrq1 Qrqhwkhohvv/ wklv
uhvxow whoov xv wkdw wkhuh duh olplwv wr zkdw fdq eh dfklhyhg zlwk ixoo vxssruw
sulydwh prqlwrulqj/ xqlirupo| dfurvv ixoo vxssruw prqlwrulqj whfkqrorjlhv1b
Vhfrqg/ dq lpsruwdqw sdshu e| Frpswh ^;‘ frqvlghuhg wuljjhu0vwudwhj| htxlole0
uld ri wkh lqæqlwho|0uhshdwhg sulvrqhu*v glohppd1 D wuljjhu0vwudwhj| htxloleulxp
kdv wkh surshuw| wkdw li/ lq htxloleulxp/ d sod|hu ghihfwv/ kh wkhq ghihfwv iruhyhu
zlwk suredelolw| rqh1 Frpswh vkrzhg wkdw/ iru vrph fodvv ri ixoo vxssruw lqgh0
shqghqw vljqdo sulydwh prqlwrulqj whfkqrorjlhv dqg glvfrxqw udwhv forvh wr rqh/
wkh dyhudjh h{shfwhg sd|r￿ lv forvh wr wkh sd|r￿ iurp ghihfwlrq1￿f Zh vkrz krz/
zlwkrxw lqghshqghqw vljqdov/ vlpsoh sxuh vwudwhjlhv fdq jhqhudwh d iron wkhruhp
Rxu uhvxowv vkrxog eh frqwudvwhg zlwk srvlwlyh iron wkhruhp uhvxowv wkdw zrun
iru d udqjh ri sulydwh prqlwrulqj whfkqrorjlhv1 Vhnljxfkl ^53‘ suryhv d iron wkh0
ruhp/ xvlqj pl{hg vwudwhjlhv/ iru d fodvv ri uhshdwhg sulvrqhu*v glohppdv/ iru
vx￿flhqwo| dffxudwh sulydwh prqlwrulqj whfkqrorjlhv wkdw pd| eh lqghshqghqw1
Zh glvfxvv wkh uhodwlrq wr wklv uhvxow lq pruh ghwdlo ehorz1￿￿
Il{ d æqlwh vwdjh jdph zlwk sod|huv L @ i4>==>Lj/ dfwlrq vhwv iD￿j￿MP dqg
sd|r￿ ixqfwlrqv ix￿j￿MP/ hdfk x￿ = D $?zkhuh D @ D￿ ß == ß DU1O h w d eh
d vwulfw sxuh vwudwhj| Qdvk htxloleulxp dqg zulwh x￿ @ x￿ +d,1 Ohw ￿ d eh dqrwkhu
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æ æx￿ +d, ￿ x￿
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d￿￿æ æ>




æ æx￿ +d, ￿ x￿
￿
d￿￿æ æ1
Wkh jdph lv uhshdwhg lqæqlwho| riwhq1 Hdfk sod|hu glvfrxqwv wkh ixwxuh zlwk
glvfrxqw udwh ￿ 5 +3>4,1 Hdfk sod|hu l revhuyhv d sulydwh vljqdo $￿ 5i K>Oj
frqfhuqlqj wkh dfwlrq suræoh lq wkh suhylrxv shulrg1 Zulwh ￿ iru wkh vhw ri srvvleoh
vljqdo suræohv/ iK>Oj
U>z u l w h$ iru d w|slfdo hohphqw ri ￿/ K iru wkh hohphqw
zkhuh doo revhuyh K dqg O iru wkh hohphqw zkhuh doo revhuyh O1Z u l w h ￿+$md,
iru wkh suredelolw| ri vljqdo suræoh $ jlyhq dfwlrq suræoh d1 Zh zloo eh lqwhuhvwhg
lq d fodvv ri ixoo vxssruw sulydwh prqlwrulqj whfkqrorjlhv sdudphwhul}hg e| wkuhh





￿+4 ￿ 5%,/ li$ @ K/
+4 ￿ ￿,+4￿ 5%,/ li$ @ O/
0
E2U3￿3￿￿/l i $@ 5i K>Oj/





æ +4 ￿ 5%,/ li$ @ K/
+4 ￿ æ,+4￿ 5%,/ li$ @ O/
0
E2U3￿3￿￿/l i $@ 5i K>Oj1
Zulwlqj $|
￿ iru sod|hu l*v sulydwh vljqdo lq shulrg w/ds h u l r gw sulydwh klvwru| iru






7141 Dq _Dowhuqdwlqj Qdvk% Iron Wkhruhp
Rxu æuvw uhvxow uhvwulfwv dwwhqwlrq wr vwudwhjlhv wkdw ghshqg rqo| rq rqh0shulrg klv0
wrulhv1 Ehfdxvh zh uhvwulfw dwwhqwlrq wr vxfk vwudwhjlhv +dqg æqlwh dfwlrq vsdfhv,/
lw lv srvvleoh wr lpsrvh uhvwulfwlrqv rq wkh sulydwh prqlwrulqj whfkqrorjlhv vx￿0
f l h q ww rh q v x u hw k hu h t x l v l w hd s s u r { l p d w hf r p p r qn q r z o h g j hd wd q |k l v w r u | 1L q
sduwlfxodu/ wkhvh uhvwulfwlrqv rq wkh prqlwrulqj whfkqrorj| duh lqghshqghqw ri ￿1
Lq wkh qh{w vxe0vhfwlrq/ zlwk wkh vdph sulydwh prqlwrulqj whfkqrorj|/ zh suryh
wkdw Qdvk uhyhuvlrq lv dovr dq htxloleulxp1
￿2‘￿￿*i |￿i ?￿4Mih Lu T*@)ihtc Uc _Lit ?L| i T*￿U￿|*) T*@) @ hL*ic ￿| ￿t ŒLh|￿ ?L|￿?} |￿@| |￿i
t￿}?@*￿?} t|h￿U|￿hi ￿t 4Lhi R_￿tUL?|￿?￿L￿t￿ uLh *@h}i UQL?*) L?i T*@)ih _iæ￿@|￿?} uhL4 7 @￿ *i@_t
|L @ M￿} U￿@?}i ￿? Z ￿?_iTi?_i?| Lu Uº











￿ d￿/l i w @4 /
￿ d￿/l i wA4d q g$|3￿
￿ @ K/
d￿/l i wA4d q g$|3￿
￿ @ O1
Zh zloo eh lqwhuhvwhg lq wkh fdvh zkhuh ￿ lv forvh wr 4/ æ l vf o r v hw r3d q g% lv
pxfk forvhu wr 3 wkdq hlwkhu 4￿￿ ru æ1 Frqvlghulqj % vpdoo lpsolhv wkdw zkdwhyhu
vljqdo d sod|hu revhuyhv/ kh h{shfwv wkdw rwkhu sod|huv kdyh revhuyhg wkh vdph
vljqdo1 Wklv nlqg ri lqirupdwlrq vwuxfwxuh pdnhv vhqvh li wkhuh lv d sxeolf rxwfrph
K ru O ghshqglqj rq sod|huv* dfwlrqv dqg zlwk kljk suredelolw| sod|huv revhuyh
wkh sxeolf rxwfrph fruuhfwo|1 Exw zlwk vpdoo suredelolw| +ri rughu %,s o d | h u v *
sulydwh revhuydwlrqv ri wkh sxeolf rxwfrph duh fruuxswhg1 Krzhyhu/ zh dovr wdnh
￿ f o r v hw r4d q gæ forvh wr 31 Wklv lv qhfhvvdu| iru erwk wkh suræoh wr eh dq
htxloleulxp dqg iru lw wr |lhog dq dyhudjh h{shfwhg sd|r￿ forvh wr ￿ x1I r u w k h
fdvh ri lpshuihfw sxeolf prqlwrulqj/ % @ 3/ wklv vwudwhj| suræoh lv qrw d Qdvk
htxloleulxp ri wkh uhshdwhg jdph iru ￿ vpdoo ru æ odujh1 Pruhryhu/ wkh vljqdolqj
vwuxfwxuh ylrodwhv wkh sdluzlvh lghqwlæfdwlrq dqg sdluzlvh ixoo udqn uhvwulfwlrqv
ri Ixghqehuj/ Ohylqh/ dqg Pdvnlq ^44‘/ vr wkdw zh vkrxog qrw h{shfw d sxeolf
prqlwrulqj iron wkhruhp wr krog iru duelwudu| ￿ dqg æ1
Zh vwduw e| jlylqj vx￿flhqw frqglwlrqv iru +e v￿,￿MP wr eh dq htxloleulxp1
Zh lpsrvh wkh iroorzlqj mrlqw uhvwulfwlrqv rq wkh sulydwh prqlwrulqj whfkqrorj|
+￿>æ>%,d q gw k hg l v f r x q wi d f w r u￿=
￿Aæ /+ 7 1 4 ,
æ +4 ￿ 5%,






￿+4 ￿ 5%,+￿ ￿ æ,
￿ 4
Œ
/d q g + 7 1 5 ,
+4 ￿ ￿,+4￿ 5%,
+4 ￿ ￿,+4￿ 5%,.%
A
Ł
Ł . ￿+4 ￿ ￿+4 ￿ 5%,+￿ ￿ æ,,
1+ 7 1 6 ,
Ohppd 41 Li +￿>æ>%>￿, vdwlvi| +7140716,/ wkhq +a v￿,￿MP lv dq htxloleulxp1
Uhvwulfwlrq +714, fdq eh ylhzhg dv d qrupdol}dwlrq rq wkh lqwhusuhwdwlrq ri
wkh vljqdov1 Li ￿ @ æ/ wkhq ri frxuvh frqglwlrqlqj ehkdylru rq wkh vljqdo fdqqrw
glvflsolqh ehkdylru1 Li/ rq wkh rwkhu kdqg/ ￿ 9@ æ wkhq wkh vljqdo uhdol}hg zlwk
odujhvw suredelolw| diwhu ￿ d lv odehohg K1 Uhvwulfwlrq +715, frphv iurp wkh K0
lqfhqwlyh frqvwudlqw/ l1h1/ lw lv wkh frqglwlrq wkdw jxdudqwhhv wkdw lw lv rswlpdo
iru sod|hu l wr fkrrvh ￿ d￿ diwhu revhuylqj $|
￿ @ K lq wkh suhylrxv shulrg1 Wklv
48frqglwlrq vwloo kdv elwh li % @ 31 Ilqdoo|/ uhvwulfwlrq +716, frphv iurp wkh O0
lqfhqwlyh frqvwudlqw/ l1h1/ lw lv wkh frqglwlrq wkdw jxdudqwhhv wkdw lw lv rswlpdo iru
sod|hu l wr fkrrvh d￿ diwhu revhuylqj $|
￿ @ O lq wkh suhylrxv shulrg1 Wklv frqglwlrq
lv vdwlvæhg iru doo ￿/ æ/d q g￿ li % @3 /v l q f hd lv d Qdvk htxloleulxp ri wkh vwdjh
jdph dqg vr lv vwdwlfdoo| vhoi0hqiruflqj1 Frqglwlrq +716, lv qhhghg vlqfh/ zlwk
lpshuihfw sulydwh prqlwrulqj/ d sod|hu diwhu revhuylqj O grhv qrw nqrz zkhwkhu
wkh rwkhu sod|huv kdyh dovr revhuyhg O1
Surri1 Zulwh y￿ +$,i r us o d | h ul*v frqwlqxdwlrq ydoxh +xqghu wkh sursrvhg vwudwh0
jlhv, zkhq wkh sulydwh vljqdo suræoh zdv $1G h æ q h ￿ d￿ +K,@￿ d￿/￿ d￿+O,@d￿/
￿ d+$,@+ ￿ d￿ +$￿,,￿MP dqg ￿ x￿ +$,@x￿ +￿ d+$,,1 Wkhq/











Zh zloo eh frqfhuqhg zlwk ￿￿ @ y￿ +K, ￿ y￿ +O,1 Iurp +717,/ +vlqfh ￿+$mK,@
￿+$mO,i r u$@ 5i K>Oj,z hk d y h￿ ￿ @￿ x￿ ￿ x￿ . ￿+4 ￿ 5%,+￿ ￿ æ,￿ ￿/d q gv r
￿￿ @
￿ x￿ ￿ x￿
4 ￿ ￿+4 ￿ 5%,+￿ ￿ æ,
1
Qrz vxssrvh sod|hu l revhuyhv K dqg dwwdfkhv suredelolw| ￿ wr doo klv rssrqhqwv
revhuylqj vljqdo K1 D vx￿flhqw frqglwlrq iru ￿ d￿ wr eh d ehvw uhvsrqvh lv/ iru dq|
d ￿ +d￿>d 3￿, 5 D/
￿
3






















































Iru d3￿ @￿ d3￿/ +718, uhgxfhv wr ￿+4 ￿ 5%,+￿ ￿ æ,￿ ￿ Ł x￿ +d￿>￿ d3￿, ￿ ￿ x￿/z k l f kl v
lpsolhg e| frqglwlrq +715,1 Li d3￿ 9@￿ d3￿/ uh0duudqjlqj dqg vxevwlwxwlqj iru ￿ jlyhv
￿+4 ￿ 5%,+￿ ￿ æ,￿ ￿￿ Ł ￿ +x￿ +d￿>￿ d3￿, ￿ ￿ x￿,.+ 4￿ ￿,+x￿ +d￿>d 3￿, ￿ x￿ +￿ d￿>d 3￿,,1
49Wkh uljkw kdqg vlgh lv dw prvw Ł dqg ￿￿ lv dw ohdvw ￿@+4 ￿ ￿+4 ￿ 5%,+￿ ￿ æ,,/ vr
lw lv hqrxjk wr kdyh





￿+4 ￿ 5%,+￿ ￿ æ,
￿ 4
Œ
1+ 7 1 9 ,
Lw zrxog eh yhu| frpsolfdwhg wr fdofxodwh sod|huv* srvwhulru suredelolwlhv wkdw doo
rwkhu sod|huv zloo revhuyh K xqghu hyhu| srvvleoh klvwru|1 Exw rxu lqirupdwlrq
vwuxfwxuh doorzv xv wr erxqg wkhvh srvwhulruv1 Li d sod|hu eholhyhg wkdw dfwlrq sur0
æoh ￿ d zdv fkrvhq odvw shulrg/ kh dwwdfkhv suredelolw| ￿+4 ￿ 5%,2^￿+4 ￿ 5%,.%‘
wr wkh hyhqw wkdw doo rwkhu sod|huv revhuyhg K wklv shulrg1 Rq wkh rwkhu kdqg/
l ik he h o l h y h gw k d wv r p hr w k h ud f w l r qs u r æ o hk d ge h h qf k r v h qo d v ws h u l r g /k h
dwwdfkhv suredelolw| æ +4 ￿ 5%,2^æ +4 ￿ 5%,.%‘w rw k d wh y h q w 1V l q f hæ?￿+e|
frqglwlrq 714,/ zh nqrz wkdw/ zkdwhyhu klv eholhiv derxw wkh suhylrxv dfwlrq sur0
æoh/ kh dwwdfkhv suredelolw| dw ohdvw æ +4 ￿ 5%,@^æ +4 ￿ 5%,.%‘ wr klv rssrqhqwv
doo revhuylqj K1 Exw e| frqglwlrq +715,/ wklv h{fhhgv ￿ ￿1
Qrz vxssrvh sod|hu l revhuyhv O dqg dwwdfkhv suredelolw| ￿ wr doo klv rssr0
qhqwv revhuylqj vljqdo O1 D vx￿flhqw frqglwlrq iru d￿ wr eh d ehvw uhvsrqvh lv/

























































Iru d3￿ @ d3￿/ +71:, uhgxfhv wr x￿ +d￿>d 3￿, Ø x￿/ zklfk krogv ehfdxvh d lv d Qdvk
htxloleulxp1 Li d3￿ 9@ d3￿/ uh0duudqjlqj dqg vxevwlwxwlqj iru ￿ jlyhv
































Ø +4 ￿ 5%,+￿ ￿ æ,￿ ￿
Ø
+4 ￿ 5%,+￿ ￿ æ,Ł
4 ￿ ￿+4 ￿ 5%,+￿ ￿ æ,
=

















b +4 ￿ ￿+4 ￿ 5%,+￿ ￿ æ,,
1
Exw +e| d vlplodu dujxphqw wr wkdw jlyhq deryh, dq| sod|hu revhuylqj O dwwdfkhv
suredelolw| dw ohdvw +4 ￿ ￿,+4￿ 5%,@^+4 ￿ ￿,+4￿ 5%,.%‘ wr doo rwkhuv kdylqj
revhuyhg O1 Wklv h{suhvvlrq lv pruh wkdq ￿ e| frqglwlrq +716,1
Zh qrz jlyh d sdudphwhu uhvwulfwlrq wkdw hqvxuhv wkdw wkh dyhudjh h{shfwhg
s d | r ￿i u r pw k hs u r æ o ha v lv forvh wr ￿ x1 Qrwh wkdw li % @ 3/ wkh lqhtxdolw| +71;,
uhgxfhv wr
4 ￿ ￿





l1h1/ iru ￿ vpdoo/ ￿ pxvw eh forvh wr 41 Dv zh lqglfdwhg deryh/ zh qhhg wklv
frqglwlrq zkloh Ixghqehuj/ Ohylqh/ dqg Pdvnlq ^44‘ gr qrw/ ehfdxvh rxu vljqdolqj
vwuxfwxuh zkhq % @ 3 ylrodwhv sdluzlvh lghqwlædelolw|1
Ohppd 51 Li/ iru vrph ￿A3/
4 ￿ ￿+4 ￿ 5%,





wkhq sod|hu l*v dyhudjh sd|r￿ xqghu +e v￿,￿MP lv dw ohdvw ￿ x￿ ￿ ￿￿1
Surri1 Vlqfh ￿+￿md, lv frqvwdqw iru doo d 9@￿ d/ y￿ +$,@y￿ +O,.+￿ x￿ +$, ￿ x￿,i r u
doo $ 9@ K1 Wkxv +e| +717,,





+￿ x￿ +$, ￿ x￿,1
4;Exw vlqfh m￿ x￿ +$, ￿ x￿mØŁ dqg vxevwlwxwlqj iru ￿￿ Ø b
￿3BE￿320￿Ek3q￿/
￿ x￿ ￿ +4 ￿ ￿,y￿ +K, Ø ￿
º
4 ￿ ￿+4 ￿ 5%,




Wkxv ￿ x￿ ￿ +4 ￿ ￿,y￿ +K, ?￿ ￿e| +71;,1
W k hv x ￿ f l h q wf r q g l w l r q vr iO h p p d v4d q g5f d qe hh { s u h v v h gl qdp r u h
xqghuvwdqgdeoh irup dv iroorzv1 Ghæqh










￿ %+æ>￿>￿,@p d {
;
A A A ?
A A A =
%




















A A A @




Ł+æ +4 ￿ 5%,.%,
+4 ￿ 5%,+￿ ￿ æ,+æ +4 ￿ 5%,+Ł . ￿,.Ł%,
= +7144,
Wkh h{suhvvlrq ￿ ￿+æ>￿, lv wkh orzhu erxqg rq ￿ wkdw hqvxuhv wkdw wkh wkuhh lq0
htxdolwlhv ghæqlqj ￿ % lq +7143, duh doo vdwlvæhg dw % @ 31 Lqhtxdolw| +714314, lv +715,
hydoxdwhg dw ￿ @ 4> wklv lqhtxdolw| ehfrphv pruh elqglqj dv ￿ lv orzhuhg iurp
￿ @ 41 Lqhtxdolw| +714315, lv +716, hydoxdwhg dw ￿ @ 4> wklv lqhtxdolw| ehfrphv
ohvv elqglqj dv ￿ lv orzhuhg iurp ￿ @ 41 Dqg lqhtxdolw| +714316, lv +71;, hydoxdwhg
dw ￿ @ 4> wklv lqhtxdolw| dovr ehfrphv ohvv elqglqj dv ￿ lv orzhuhg iurp ￿ @4 1
Ilqdoo|/ ￿ ￿+æ>￿>%, lv wkh orzhu erxqg rq ￿ iru zklfk +715, krogv1
Whglrxv dojheud frqæupv wkdw li 3 ?æ?￿ @ +Ł . ￿,/ wkhq ￿ ￿+æ>￿, ? 4> li
lq dgglwlrq/ ￿ ￿+æ>￿, ?￿?4/ wkhq ￿ %+æ>￿>￿, A 3> dqg æqdoo|/ li lq dgglwlrq/
3 ?%?￿ %+æ>￿>￿,/ wkhq ￿ ￿+æ>￿>%, ? 41 Vxppdul}lqj=
Ohppd 61 Li 3 ?æ? >
bn>/ ￿ ￿+æ>￿, ?￿?4/ 3 ?%?￿ %+æ>￿>￿, dqg ￿ ￿+æ>￿>%, ?
￿?4/ wkhq frqglwlrqv +714, wkurxjk +71;, duh vdwlvæhg1
Iurp Ohppdv 4/ 5/ dqg 6 zh kdyh=
Sursrvlwlrq 61 Li 3 ?æ?￿ @+Ł . ￿,/ ￿ ￿+æ>￿, ?￿?4 dqg 3 ?%?￿ %+æ>￿>￿,/
wkhq a v lv dq htxloleulxp lq zklfk hdfk sod|hu l uhfhlyhv dyhudjh xwlolw| dw ohdvw
￿ x￿ ￿ ￿/ iru doo ￿ vx￿flhqwo| forvh wr 41
4<7151 Qdvk Uhyhuvlrq
Zh qrz h{dplqh wkh srvvlelolw| wkdw vwdwlf Qdvk uhyhuvlrq pd| eh d Qdvk htxl0








￿ d￿> li w @4 >
￿ d￿> li w Ł 5d q gk|
￿ @ ￿ k|
￿>
d￿> li w Ł 5d q gk|






+￿ d￿K>===>￿ d￿K,1 Ohw p￿ @p l q @ x￿+d,d q gP￿ @p d { @ x￿+d,1 Lq frq0
wudvw wr wkh vwudwhj| suræoh ri wkh suhylrxv vhfwlrq/ wklv suræoh ghshqgv xsrq wkh
hqwluh klvwru|/ qrw mxvw wkh odvw shulrg1 Qrqh wkh ohvv/ zh fodlp
Sursrvlwlrq 71 Vxssrvh +4 ￿ ￿￿,+4￿ ￿+4 ￿ æ,,P￿ ? ￿ x￿ +4 ￿ ￿,￿￿^￿+4￿￿+4 ￿ æ,,
￿ æ‘x￿1 Wkhuh h{lvwv ￿ %A3 vxfk wkdw iru doo % 5 +3>￿ %,/ ￿ v lv d Qdvk htxloleulxp1
Lw lv zruwk qrwlqj wkdw dv ￿ $ 4/ ￿ % $ 3 +zh uhwxuq wr wklv srlqw ehorz,1
Wklv lv qrw wuxh ri wkh suræoh a v dqdo|}hg lq wkh suhylrxv vhfwlrq1 Zkloh ￿ v lv qrw
vhtxhqwldo/ lwv rxwfrph sdwk fdq eh vxssruwhg e| d vhtxhqwldo htxloleulxp zkhq
lw lv Qdvk +Vhnljxfkl ^53/ Sursrvlwlrq 6‘,1 Lw lv xvhixo wr h{sodlq zk| wkh suræoh lv
qrw vhtxhqwldo1 Iluvw qrwh wkdw li sod|hu l ghyldwhv lq d shulrg w d q gw k h qr e v h u y h v
K lq wkdw shulrg/ wkhq gxh wr wkh kljko| fruuhodwhg lqirupdwlrq vwuxfwxuh sod|hu
l lv uhdvrqdeo| frqæghqw wkdw sod|hu m glg qrw revhuyh O dqg vr l _jrw dzd| zlwk
lw1% Vr dw wkh yhu| ohdvw d vhtxhqwldo suræoh fdqqrw vshfli| d￿ diwhu d￿K +iru dq|
d￿ 9@￿ d￿,1 Ohw ￿ K￿ ghqrwh wkh vhw ri sod|hu l*v sulydwh klvwrulhv lq zklfk sod|hu l
kdv qhyhu revhuyhg wkh vljqdo O dqg frqvlghu wkh suræoh zklfk vshflæhv ￿ d￿ diwhu
hyhu| klvwru| lq ￿ K￿ dqg d￿ rwkhuzlvh1 Wkh suræoh gl￿huv iurp Qdvk uhyhuvlrq lq
wkdw lw ljqruhv wkh sod|hu*v rzq ghyldwlrq1 Sod| rqo| vzlwfkhv wr vwdwlf Qdvk li
wkh sod|hu lv vx￿flhqwo| frqæghqw wkdw wkh ghyldwlrq zdv ghwhfwhg +lqglfdwhg e|
wkh sod|hu dovr uhfhlylqj wkh vljqdo O,1 Wklv djdlq lv qrw vhtxhqwldo1 Diwhu wkh
sulydwh klvwru| +d￿O>￿ d￿K>===>￿ d￿K, @ 5 ￿ K￿/ wr wkh hyhqw wkdw doo wkh rwkhu sod|huv
duh vwloo sod|lqj ￿ d3￿/s o d | h ul dvvljqv d suredelolw| wkdw frqyhujhv wr 4 dv w $4 1
Vhtxhqwldo udwlrqdolw| zrxog wkhq uhtxluh wkdw sod|hu l frqwlqxh wr sod| ￿ d￿1
Wkhuh lv d forvh uhodwlrqvkls ehwzhhq Sursrvlwlrq 7 dqg Vhnljxfkl ^53/ Sursr0
vlwlrq 6‘ +lqghhg/ wkh surri ri Fodlp 4 ehorz hvvhqwldoo| uhsurgxfhv wkh dqdorjrxv
dujxphqw iurp wkdw sdshu, zklfk zh glvfxvv ehorz1
Surri1 Zh qhhg wr yhuli| wkdw sod|hu l æqgv lw rswlpdo wr vwduw zlwk ￿ d￿/w r
frqwlqxh zlwk ￿ d￿ dv orqj dv K k d ve h h qr e v h u y h g /d q gw k d wl ih y h uO zdv revhuyhg/
wr sod| d￿ wkhuhdiwhu1 Lw lv hdvlhvw wr wklqn ri ￿ v￿ dv ehlqj lq rqh ri wzr vwdwhv/ F ru
G/z l w kG ehlqj devruelqj dqg sod| vwduwlqj lq F1O h wy
1
￿ eh wkh ydoxh ri sod|hu
53l zkhq wkh vwdwh ri doo wkh sod|huv lv ghvfulehg e| ￿ 5i F>GjU1Z k l o hw k hy d o x h v
ri y
1












￿ @￿ x￿ . ￿
q
￿+4 ￿ 5%,y￿







￿ x￿ . ￿
q
+4 ￿ ￿,+4￿ 5%,y(
￿ . R+%,
r
4 ￿ ￿￿+4 ￿ 5%,
@
￿ x￿ +4 ￿ ￿,.￿i+4 ￿ ￿,+4￿ 5%,x￿ . R+%,j






￿ x￿ +4 ￿ ￿,.￿+4 ￿ ￿,x￿
+4 ￿ ￿￿,+4￿ ￿,
=
Fodlp 4 ~ ￿ d￿ lv rswlpdo lq shulrg w diwhu wkh klvwru| ￿ k|3￿






æ æ æ￿ k|3￿
￿
r
+wklv dovr fryhuv wkh lqlwldo shulrg/ zkhuh ￿ kf
￿ @
i>j dqg s￿
￿ @ 4,1 Dq xsshu erxqg wr ghyldwlqj dw w lv rewdlqhg e| qrwlqj wkdw
zlwk suredelolw| s|
￿ wkh rwkhu sod|huv duh vwloo sod|lqj ￿ d3￿/ diwhu fkrrvlqj d￿ 9@￿ d￿ dw
w doo sod|huv uhfhlyh wkh vljqdo O zlwk suredelolw| +4 ￿ æ,+4￿ 5%,/ dqg P￿@+4￿￿,
lv wkh kljkhvw sd|r￿ l frxog hduq zkhq sod|huv grq*w sod| d3￿1W k x v /g h y l d w l q jl v






+4 ￿ æ,+4￿ 5%,
x￿
+4 ￿ ￿,


















￿ fdq eh pdgh duelwudulo| forvh wr 4 iru doo w e| fkrrvlqj % vx￿flhqwo| vpdoo/
wklv lqhtxdolw| zloo krog iru doo w li % lv vpdoo dqg
+4 ￿ ￿￿,+4￿ ￿+4 ￿ æ,,P￿ ? ￿ x￿ +4 ￿ ￿, ￿ ￿+￿+4 ￿ ￿+4 ￿ æ,, ￿ æ,x￿=
Qrz zh yhuli| wkdw s|












3￿ @￿ d3￿>$ |3￿
￿ @ K

























































3￿ @￿ d3￿>$ |3￿
￿ @ K







3￿ 9@￿ d3￿>$ |3￿
￿ @ K




















@+ ￿+4 ￿ 5%,.%,s|3￿














3￿ @￿ d3￿>$ |3￿
3￿ @ K3￿




























































￿ Ł 4 ￿ c|
￿ A 4 ￿
%
++￿ ￿ æ,+4￿ 5%, ￿ %,
=
















































+4 ￿ ￿,+4￿ 5%,s|
￿
++4 ￿ ￿,+4￿ 5%,.%,s|
￿ .+ + 4￿ æ,+4￿ 5%,.%,+4￿ s|
￿,
$ 4d v% $ 3=
Wkh sd|r￿ wr ghyldwlqj diwhu wkh klvwru| k|
￿ e| fkrrvlqj d￿ 9@ d￿ d q gw k h qi r o o r z l q j

















dqg vr ghyldwlqj diwhu wkh klvwru| k|









































zklfk krogv iru % vpdoo1
Fodlp 6 ~ d￿ lv rswlpdo lq shulrg W diwhu wkh klvwru| kA3￿
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Zh qrz frpsduh wklv uhvxow zlwk wkh lpsuhvvlyh uhvxow ri Vhnljxfkl ^53‘1
Vhnljxfkl ^53‘ vkrzhg wkdw/ iru vrph uhshdwhg sulvrqhu*v glohppdv/ wkhuh h{lvwv
56d qhduo| h￿flhqw vhtxhqwldo htxloleulxp/ zkhq sulydwh prqlwrulqj lv duelwudulo|
dffxudwh dqg sod|huv duh sdwlhqw1 Wkhuh duh wkuhh ihdwxuhv zh gudz wkh uhdghu*v
dwwhqwlrq wr1 Iluvw/ Vhnljxfkl*v uhvxow grhv qrw pdnh dq| dvvxpswlrqv rq wkh
qdwxuh ri wkh sulydwh prqlwrulqj +lw lqfoxghv erwk lqghshqghqw dqg fruuhodwhg
vljqdov,1 Vhfrqg/ klv htxloleulxp lv lq pl{hg vwudwhjlhv/ zkloh rxuv lv lq sxuh1 Il0
qdoo|/ zkloh klv htxloleulxp exlogv rq julp wuljjhu +Qdvk uhyhuvlrq lq klv frqwh{w,/
wkh æqdo htxloleulxp lv qrw julp wuljjhu1
Fuxgho| vxppdul}lqj Vhnljxfkl*v dujxphqw/ kh ehjlqv e| frqvlghulqj d vwudw0
hj| suræoh wkdw udqgrpl}hv ehwzhhq dozd|v ghihfwlrq/ dqg julp wuljjhu1 Wklv
suræoh lv dq htxloleulxp +jlyhq d sd|r￿ uhvwulfwlrq, iru prghudwh glvfrxqw idfwruv
dqg vx￿flhqwo| dffxudwh sulydwh prqlwrulqj1 Fuxgho|/ wkhuh duh wzr wklqjv wr
zruu| derxw1 Iluvw/ li d sod|hu kdv ehhq frrshudwlqj iru d orqj wlph dqg kdv
dozd|v uhfhlyhg d frrshudwlyh vljqdo/ zloo wkh sod|hu frqwlqxh wr frrshudwhB Wkh
dqvzhu khuh lv |hv/ jlyhq vx￿flhqwo| dffxudwh sulydwh prqlwrulqj +wklv lv Fodlp 4
deryh,1 Qrwh wkdw wkh erxqg rq wkh dffxudf| ri wkh prqlwrulqj ghshqgv rq wkh
glvfrxqw idfwru1
Vhfrqg/ zloo d sod|hu ghihfw dv vrrq dv d ghihfw vljqdo lv uhfhlyhgB Wklv lv
zkhuh wkh udqgrpl}dwlrq dqg xsshu erxqg rq wkh glvfrxqw idfwru frphv lq1 Iru
looxvwudwlyh sxusrvhv/ vxssrvh wkh sod|huv duh sod|lqj wkh sxuh vwudwhj| suræoh
ri julp wuljjhu1 Diwhu wkh lqlwldo shulrg/ li sod|hu l revhuyhv wkh ghihfw vljqdo/
wkhq wkh kljkhvw rughu suredelolw| hyhqwv duh wkdw sod|hu m glg qrw ghihfw exw
l uhfhlyhg dq huurqhrxv vljqdo +lq zklfk fdvh m lv vwloo frrshudwlyh,/ dqg wkdw
sod|hu m lq wkh suhylrxv shulrg kdg uhfhlyhg dq huurqhrxv vljqdo +lq zklfk fdvh
m qrz ghihfwv iruhyhu,1 Wkhvh wzr hyhqwv kdyh htxdo suredelolw|/ dqg li sod|huv
duh qrw wrr sdwlhqw +vr wkdw wkh| duh qrw zloolqj wr h{shulphqw,/ sod|hu l zloo
ghihfw1 Li sod|huv duh sdwlhqw/ wkhq hyhq d odujh suredelolw| wkdw wkh rssrqhqw lv
douhdg| ghihfwlqj pd| qrw eh hqrxjk wr hqvxuh wkdw wkh sod|hu ghihfwv= Rqh pruh
revhuydwlrq ehiruh wkh sod|hu frpplwv klpvhoi pd| eh txlwh ydoxdeoh1 Ri frxuvh/
lq wkh lqlwldo shulrg sod|hu m lv qrw uhvsrqglqj wr dq| vljqdo/ vr lq rughu iru sod|hu
l wr dvvljq srvlwlyh suredelolw| wr wkh vljqdo uh￿hfwlqj m*v ehkdylru/ m pxvw ghihfw
lq wkh lqlwldo shulrg zlwk srvlwlyh suredelolw|1￿￿ V l q f hz hk d y hd v v x p h gw k d ww k h
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57sulydwh vljqdov duh kljko| fruuhodwhg/ wkhvh odwwhu frqvlghudwlrqv duh luuhohydqw1 Dv
vrrq dv d sod|hu uhfhlyhv d ghihfw vljqdo/ kh dvvljqv yhu| kljk suredelolw| wr klv
rssrqhqwv kdylqj uhfhlyhg wkh vdph vljqdo/ dqg vr zloo ghihfw1 Wklv lv zk| zh gr
qrw qhhg udqgrpl}dwlrq/ qru dq xsshu erxqg rq wkh glvfrxqw idfwru1
Vhnljxfkl wkhq uhpryhv wkh xsshu erxqg rq wkh glvfrxqw idfwru e| revhuylqj
+iroorzlqj Hoolvrq ^43‘, wkdw wkh uhshdwhg jdph fdq eh glylghg lqwr Q glvwlqfw
jdphv/ zlwk wkh nwk jdph sod|hg lq shulrg n . wQ/z k h u hw 5 Q1W k l v j l y h v
dq h￿hfwlyh glvfrxqw udwh ri ￿ø rq hdfk jdph1 Ri frxuvh/ wkh uhvxowlqj vwudwhj|
suræoh grhv qrw orrn olnh julp wuljjhu1
Dv d æqdo frpphqw rq Qdvk uhyhuvlrq/ qrwh wkdw dssur{lpdwlqj wkh sd|r￿
yhfwru ￿ x dv zh frqvlghu ￿ odujh pd| uhtxluh wdnlqj % hyhq vpdoohu wkdq wkh xsshu
erxqg ￿ % lq Sursrvlwlrq 71 Iru æ{hg ￿/ æ/ ￿/d q g% vdwlvi|lqj wkh k|srwkhvhv ri
Sursrvlwlrq 7/ wkhuh lv dq h{shfwhg zdlwlqj wlph wloo wkh sod|huv vzlwfk iurp ￿ d
zklfk ghshqgv rq %/ exw lv lqghshqghqw ri ￿1 Uhfdoo krzhyhu/ wkdw ￿ $ 4u h t x l u h v
% $ 3 dqg wkh h{shfwhg zdlwlqj wlph ehfrphv lqæqlwh dv % $ 31 Dq dowhuqdwlyh
lv wr æ{ ￿/ æ/ ￿/d q g% vdwlvi|lqj wkh k|srwkhvhv ri Sursrvlwlrq 7/ dqg wkhq dsso|
Hoolvrq*v wulfn1 Wklv |lhogv d suræoh iru ￿ duelwudulo| forvh wr 4 zkloh dw wkh vdph
wlph qrw uhtxlulqj % $ 31
+iuihi?Uit
^4‘ Glols Deuhx/ Gdylg Shdufh/ dqg Hqqlr Vwdffkhwwl1 Wrzdug d wkhru| ri glv0
frxqwhg uhshdwhg jdphv zlwk lpshuihfw prqlwrulqj1 Hfrqrphwulfd/ 8;=4374~
4396/ 4<<31
^5‘ Loowdh Dkq1 Lpshuihfw lqirupdwlrq uhshdwhg jdphv zlwk d vlqjoh shuihfw re0
vhuyhu1 Plphr/ 4<<91
^6‘ Pdvvlploldqr Dpdudqwh1 Glvfrxqwhg uhshdwhg jdphv zlwk lpshuihfw sulydwh
prqlwrulqj/ 4<<;1 P1L1W1
^7‘ Pdvdnl Dr|djl1 D frooxvlrq phfkdqlvp lq g|qdplf ehuwudqg roljrsro| xq0
g h us u l y d w hr e v h u y d w l r qr if r u u h o d w h gg h p d q gv k r f n v 1P l p h r /X q l y h u v l w |r i
Slwwvexujk/ 4<<:1
^8‘ Hofkdqdq Ehq0Srudwk dqg Plfkdho Ndkqhpdq1 Frppxqlfdwlrq lq uhshdwhg
jdphv zlwk sulydwh prqlwrulqj1 Mrxuqdo ri Hfrqrplf Wkhru|/ :3=5;4~5<:/
4<<91
^9‘ Mhdq0Slhuuh Ehqrlw dqg Ylmd| Nulvkqd1 Ilqlwho| uhshdwhg jdphv1 Hfrqrphw0
ulfd/ 86=<38~<55/ 4<;81
58^:‘ Y1 Ekdvndu dqg Hulf ydq Gdpph1 Prudo kd}dug dqg sulydwh prqlwrulqj1
Plphr/ Xqlyhuvlw| ri Vw1 Dqguhzv dqg FhqwHU Wloexuj/ 4<<:1
^;‘ Rolylhu Frpswh1 Rq idlolqj wr frrshudwh zkhq prqlwhulqj lv sulydwh1 Plphr/
F1H1U1D1V10H1Q1S1F1 dqg FHSUDPDS/ 4<<91
^<‘ Rolylhu Frpswh1 Frppxqlfdwlrq lq uhshdwhg jdphv zlwk lpshuihfw sulydwh
prqlwrulqj1 Hfrqrphwulfd/ 99=8<:~959/ 4<<;1
^43‘ Johqq Hoolvrq1 Frrshudwlrq lq wkh sulvrqhu*v glohppd zlwk dqrq|prxv udq0
grp pdwfklqj1 Mrxuqdo ri Hfrqrplf Wkhru|/ 94=89:~8;;/ 4<<71
^44‘ Guhz Ixghqehuj/ Gdylg N1 Ohylqh/ dqg Hulf Pdvnlq1 Wkh iron wkhruhp zlwk
l p s h u i h f ws x e o l fl q i r u p d w l r q 1Hfrqrphwulfd/ 95=<<:~4373/ 4<<71
^45‘ Hgzdug Juhhq dqg Urehuw Sruwhu1 Qrqfrrshudwlyh frooxvlrq xqghu lpshuihfw
sulfh irupdwlrq1 Hfrqrphwulfd/ 85=;:~433/ 4<;71
^46‘ Dwvxvkl Ndmll dqg Vwhskhq Pruulv1 Uhæqhphqwv dqg kljkhu rughu eholhiv= D
xqlæhg vxuyh|1 Qruwkzhvwhuq FPV0HPV Glvfxvvlrq Sdshu 44<:/ 4<<:1
^47‘ Dwvxvkl Ndmll dqg Vwhskhq Pruulv1 Wkh urexvwqhvv ri htxloleuld wr lqfrpsohwh
lqirupdwlrq1 Hfrqrphwulfd/ 98=45;6~463</ 4<<:1
^48‘ Plfklklur Ndqgrul1 Frrshudwlrq lq æqlwho| uhshdwhg jdphv zlwk lpshuihfw
sulydwh lqirupdwlrq1 Plphr/ Sulqfhwrq Xqlyhuvlw|/ 4<<41
^49‘ Plfklklur Ndqgrul dqg Klwrvkl Pdwvxvklpd1 Sulydwh revhuydwlrq/ frppxql0
fdwlrq dqg frooxvlrq1 Hfrqrphwulfd/ 99=95:~985/ 4<<;1
^4:‘ Klwrvkl Pdwvxvklpd1 Rq wkh wkhru| ri uhshdwhg jdphv zlwk sulydwh lqirupd0
wlrq1 sduw l= Dqwl0iron wkhruhp zlwkrxw frppxqlfdwlrq1 Hfrqrplf Ohwwhuv/
68=586~589/ 4<<41
^4;‘ Gry Prqghuhu dqg Gry Vdphw1 Dssur{lpdwlqj frpprq nqrzohgjh zlwk
frpprq eholhiv1 Jdphv dqg Hfrqrplf Ehkdylru/ 4=4:3~4<3/ 4<;<1
^4<‘ Vwhskhq Pruulv/ Udidho Ure/ dqg K|xq Vklq1 s0grplqdqfh dqg eholhi srwhq0
wldo1 Hfrqrphwulfd/ 96=478~49:/ 4<<81
^53‘ Wdgdvkl Vhnljxfkl1 H￿flhqf| lq uhshdwhg sulvrqhu*v glohppd zlwk sulydwh
prqlwrulqj1 Mrxuqdo ri Hfrqrplf Wkhru|/ :9=678~694/ 4<<:1
^54‘ K|xq Vklq dqg Wlprwk| Zlooldpvrq1 Krz pxfk frpprq eholhi lv qhfhvvdu|
iru d frqyhqwlrqB Jdphv dqg Hfrqrplf Ehkdylru/ 46=585~59;/ 4<<91
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